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We use molecular dynamics simulations to explore the lattice thermal transport in free-standing
and supported single-wall carbon-nanotube (SWCNT) in comparison to that in graphene
nanoribbon and graphene sheet. For free-standing SWCNT, the lattice thermal conductivity
increases with diameter and approaches that of graphene, partly due to the curvature. Supported
SWCNT thermal conductivity is reduced by 34%-41% compared to the free-standing case, which
is less than that in supported graphene. Also, it shows an evident chirality dependence by varying
C 2012
about 10%, which we attribute to chirality-dependent interfacial phonon scattering. V
American Institute of Physics. [http://dx.doi.org/10.1063/1.4725194]
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phonon dispersions than existing classical potentials for
carbon-based systems.20 SiO2 is modeled after Munetoh21
while the interactions between CNT and substrate, namely
C-Si and C-O, are assumed to be van der Waals22 and modeled using Lennard-Jones (LJ) potential
" 
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with parameters CSi ¼ 8:909 meV, rCSi ¼ 3:629 Å; CO
¼ 3:442 meV and rCO ¼ 3:275Å for C-Si and C-O interactions, respectively.23 The cutoffs for LJ interactions are
taken as 2:7r.
The geometries studied include free-standing GNR (and
SLG), half-rolled GNR, CNT, and CNT on SiO2 substrate,
as shown in Fig. 1. Free boundary conditions (FBC) are
applied in all directions for all cases except for the width
direction of SLG where periodic boundary conditions (PBC)
are used. The last columns of atoms at the two ends in the
length
width

Carbon-nanotube (CNT) and graphene nanoribbon
(GNR) have attracted lots of attention since the last decade
due to their promising electronic, mechanical, and thermal
properties, as suggested by various experimental1–3 and theoretical studies.4,5 Recent experiments on synthesizing GNRs
from unzipping CNTs (Ref. 6) have proved their close relation. Both single-wall CNTs (SWCNTs) and GNRs can be
characterized by chirality. It was found that both the electrical
resistivity of SWCNT and the elastic and electrical properties
of GNR are strongly dependent on chirality.7–9 In contrast, the
thermal conductance was only found to strongly depend on
chirality and edge types in GNR (Refs. 10 and 11) but not in
free-standing CNTs.10,12 The mechanisms responsible for
such difference in the chirality dependent lattice thermal
transport are not yet clear. On the other hand, reduction in
thermal conductivity has been experimentally demonstrated in
supported graphene.13 Theories were proposed to explain
such observation14,15 and suggest similar reduction in supported CNT.16,17 However, the importance of chirality and diameter on the lattice thermal conductivity of supported
SWCNT remains unknown. In this work, we use nonequilibrium molecular dynamics (NEMD) simulations to
study the lattice thermal conductivity of free-standing and
supported SWCNT with various diameters then compare to
GNR and single-layer graphene sheet (SLG). We ﬁnd interesting diameter dependence in free-standing CNT and identify
the relation of the thermal transport in CNT to that in GNR.
We also report the chirality dependence of thermal conductivity in supported CNTs. Furthermore, our ﬁndings suggest supported CNTs may be advantageous for planar heat dissipation
applications.
Since the electrons in CNT/GNRs only have limited
contributions to total thermal conductivity,18 they are not the
main concern of this paper. All classical molecular dynamics
(MD) simulations are carried out using the LAMMPS package.19 The C-C interactions within GNR, SLG, and CNT are
modeled using optimized Tersoff potential (OPT), which is
made to provide better description of anharmonicity and

FIG. 1. From top to bottom: the MD domains for free-standing GNR (or
SLG when boundaries in width direction are set to be periodic), half-rolled
GNR, free-standing CNT, and CNT supported on SiO2 substrate. Colored
lines at the boundaries: orange represents free or ﬁxed rows of atoms; gray
represents ﬁxed atoms. Red and blue boxes represent hot and cold thermal
baths. Cross-sectional views are shown on the right.
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jl ¼ 

J=A
:
dT=dx

(2)

Here A is the effective cross-sectional area, which is
taken as the cross-sectional perimeter times the graphene
thickness 3.35 Å for CNT, GNR, and SLG. The heat current
J is computed as
J ¼ t1
s

X

DE;

(3)

P
where
DE is the accumulated energy change in thermal
baths due to velocity scaling and ts is the total time during
which temperature control is applied.24
First of all, we study the thermal conductivity of freestanding CNT with different diameter D in comparison to
corresponding GNR and SLG. jl of CNT is found to monotonically increase with increasing tube length L and does not
appear to saturate at a length of 400 nm, similar to that of
GNR. To allow for clean comparison, we obtain jl in bulk
limit by ﬁtting to 1=jl  1=L relation under gray approximation and extrapolating to L ! 1,26,27 where excellent linear
correlation is found, as illustrated in the inset of Fig. 2.
As seen in Fig. 2, jl of CNT is lower than but approaches
that of SLG as D increases from 0.7 ((5,5) and (9,0) CNTs) to
2.9 nm ((21,21) and (36,0) CNTs). This observation opposes
ﬁndings from some previous studies, which suggested that jl

2000
Error range

1500

1000
1/κl (m K/W)

length direction are ﬁxed to prevent atoms from sublimating.
No current leakage through these ﬁxed ends is found. For
free-standing cases, two thermal baths of 1 nm width each
are used at the two ends with temperature controlled by
direct velocity scaling.24 Wider thermal baths and lower velocity scaling frequency are not found to affect the thermal
conductivity noticeably. For supported cases, we prepare
amorphous SiO2 following the heating-quenching recipe25
then cut out a block with length, width, and thickness equal
with 2.5 nm, 3.6 nm, and 2.0 nm, respectively. The block is
duplicated in the length direction to match the length of
CNTs and equilibrated under FBC for 1 ns with bottom
0.5 Å layer ﬁxed. Similar thicknesses of SiO2 substrate were
used in previous CNT/SLG-substrate thermal studies.15,16
CNT is released from 1.6 Å above the substrate then run in
constant temperature and volume ensemble (NVT) with FBC
for 2 ns to allow for interfacial structure relaxation and thermal equilibration. Four thermal baths are used for supported
cases (Fig. 1) to ensure local temperature match at the interfaces to minimize interfacial heat ﬂux.
The timestep used for free-standing and supported
cases are 0.8 fs and 0.4 fs, respectively. Ten independent
simulations are run for each case to minimize statistical
ﬂuctuations. All cases are ﬁrst run in NVT for 400 ps to
equilibrate at 300 K. Temperatures of 330 K and 270 K are
then designated in the thermal baths at the two ends to create temperature gradient and heat ﬂux. Simulations are run
for another 3 ns to ensure steady-state and then the linear
regions of the temperature proﬁles along length direction
are extracted to obtain the temperature gradient dT/dx.
Thermal conductivity jl is obtained according to Fourier’s
law of heat conduction
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FIG. 2. Thermal conductivities of CNTs, GNRs, and SLG extrapolated to
bulk limit. GNR width w ¼ pD. Also shown are CNT thermal conductivity
obtained using original Tersoff potential. The preﬁxes “a-” and “z-” represent armchair and zigzag, respectively. Inset: typically observed 1=jl  1=L
relation and linear correlation of data; diamond and circle symbols represent
GNR and CNT, respectively.

decreases with diameter and jl of SLG serves as lower
limit.28–30 Nonetheless, our observed trend for CNT with
moderate diameters does agree with that from the exact
solution of phonon Boltzmann transport equation (BTE)
reported in Ref. 31, where OPT was also used. The absence
of a thermal conductivity minimum at very small diameters
in our simulations is likely due to the fully anharmonic
description of out-of-plane phonons in MD.14 Since OPT was
made to improve the description of anharmonicity and phonon dispersions in CNT/graphene, the observed inconsistency
with some of the past literature is likely due to this improvement. To justify, we also simulate a-CNTs using original
Tersoff potential32 under otherwise same simulation conditions, where consistency with previous studies is found
(Fig. 2). Therefore, the use of OPT does account for the different trend.
In both SLG and CNT, phonons do not experience
boundary scattering in directions perpendicular to the heat
ﬂow. Therefore, curvature is possibly responsible for the diameter dependence and lower-than-graphene jl value of
CNT. On the other hand, CNTs with smaller diameter have
less number of optical phonon modes available for phonon
scattering, which will lead to longer phonon relaxation times
and complicate the diameter dependence. To clarify the role
of curvature, we create an artiﬁcial boundary in CNT
through ﬁxing a row of atoms along the axial direction (fxCNT), as shown in Fig. 1. Then, fx-CNT, half-rolled GNR
(h-GNR), and GNRs with ﬁxed edges (fx-GNR) are constructed through unrolling. These systems are topologically
similar and have the same number of optical phonon modes.
Therefore, any observed difference in the thermal conductivity among them should be mainly attributed to curvature.
As indicated by the arrows in Fig. 3, the thermal conductivity always monotonically drops from fx-GNR to fxCNT for all diameters. Since jl in classical simulation is proportional to group velocity vg and relaxation time s, either of
them should be responsible for this reduction in jl . Instead
of evaluating s directly from MD through spectral analysis,14
we perform lattice dynamics calculations for a (5,5) CNT
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FIG. 3. Extrapolated thermal conductivity of fx-GNR, h-GNR, fx-CNT, and
CNT supported on SiO2 substrate (indicated by the postﬁx “,sup”).

and corresponding GNR to obtain vg . Under Debye approximation for phonon dispersion, we compute the effective
group velocities33 to be 10.5 km/s for (5,5) CNT, which is
larger than 3.2 km/s for corresponding GNR. Recall the
lower jl of CNT and the above-mentioned proportionality,
the stronger curvature of CNT is thus found to shorten the
phonon relaxation time. These arguments can also be applied
to CNTs with different diameters. Therefore, in freestanding CNTs, the diameter dependence is mainly due to
the change in curvature and the number of optical phonon
modes,28 which are competing.
On the other hand, as seen in Fig. 2, jl of free-standing
a-CNT and z-CNT with similar diameters differ little while
that of a-GNR is much lower than that of zigzag ones, agreeing with previous theories.11,31 In contrast, we ﬁnd that jl of
fx-a-CNTs is larger than that of fx-z-CNTs for all diameters,
as shown in Fig. 3. This suggests the radial boundary introduces non-negligible chirality dependent phonon scattering
into CNT, as opposed to that in free-standing CNTs. A physical system where such chirality dependence may be
observed is supported CNT.
In Fig. 3 we show jl of a-CNTs and z-CNTs on SiO2 substrate. When CNT is supported, phonons in CNT experience
scattering at CNT-SiO2 interface with shortened relaxation
time.16 Consistent with the observations on fx-CNTs, we ﬁnd
jl of supported a-CNT to be around 10% larger than that of
supported z-CNT for all diameters. This indicates interfacial
scattering is stronger in supported z-CNTs. Such observation
suggests that the chirality dependence of jl of supported CNT
is due to the chirality dependent phonon boundary scattering
rate at CNT-substrate interfaces, which can be roughly modeled as s1
b ¼ vg =pD. This is similar to that in fx-CNT and
GNR, where boundary scattering or edge localization11 is also
chirality dependent. To verify such dependence experimentally, CNT bundles with single chirality need to be prepared.
Despite the great challenges, several groups have managed to
produce high concentration CNTs of single chirality.34,35
With an aligned array of CNTs of single chirality, thermal
measurements of their thermal conductivity may be feasible.
As compared to jl values of free-standing CNTs in
Fig. 2, we observe reduction in jl of around 34% and 41% for
supported a-CNT and z-CNT, respectively. Such reduction is
mainly due to the shortened phonon relaxation time instead of

group velocity.14 Nonetheless, the observed reduction is less
than that in supported graphene, considering its drop in jl
from  2500 W=mK (Ref. 36) to 600 W/m K (Ref. 13)
(76%) at room temperature. The alleviated thermal conductivity reduction can be due to the fact that the atomic vibrations
of a smaller fraction of carbon atoms in supported CNT are
perturbed than in the case of supported graphene.13 Therefore,
aligned CNT array may have better thermal conductance than
SLG when supported.
In summary, we used NEMD simulations to study the
thermal conductivity of free-standing and supported CNT as
well as free-standing GNR/SLG with 0.7 to 2.9 nm diameter
and armchair/zigzag chiralities. Our main ﬁndings are (1) the
thermal conductivity of free-standing CNT increases with diameter and approaches that of SLG asymptotically, owing to
curvature that shortens phonon relaxation time; (2) the thermal conductivity of supported a-CNT is about 10% larger
than that of z-CNT of similar diameter due to chirality dependent phonon scattering at CNT-substrate interface; and
(3) the thermal conductivity reduces by around 34%-41%
when CNT is supported on SiO2 substrate, less than that
found in supported SLG.
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